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SUMMARY 
This work i s mainly concerned with the mathematical modeling of the 
various components of a classical machine tool operated with an incremental 
digital feedback control system. 
The analysis of such a system presents challenging problems in the a reas 
of mechanical engineering, electronics, and hydraulics. Two chapters are devoted 
to the modeling of the electromechanical and electrohydraulic elements, while two 
others are devoted to the numerical control system and its necessary associated 
compensation devices. The modeling of the mechanical transmissions is con-
ducted in great detail. Chapter VI and conclusions are the formulation of further 
studies. 
Each of the major machine components is studied separately and a model 
using a block diagram representation is developed, keeping in mind the possibility 
of a further simulation on an analog computer. Special care is taken to allow the 
understanding of the interconnection, in the total system, of the feedback loops 
describing every single component. Thus, a machine tool becomes a multiple 
feedback loop control system. 
Particular attention is given to the identification of the major load sources, 
whether they are outside or within the total system control loop. 
CHAPTER I 
INTRODUCTION 
The Control Problem 
Some machine tools, such as large portal milling machines, may have a 
total weight over 200, 000 lbs with moving elements reaching 120, 000 lbs and 
2 
requiring accelerations of as much as 50 in per sec . The servodrives of these 
machines must control the velocity of the slides, or the feed ra tes , throughout a 
range from 0.25 inch per minute up to 100 inches per minute (1). A slight var i -
ation in the velocity, or feed ra te , can deteriorate the surface finish of the work-
piece whose specifications are less than 100 microinches. The servodrives must 
also control the position of the moving elements of a machine tool within an e r ro r 
limit of a few thousandths of an inch. 
Thus, the control problem becomes that of accurately and continuously 
controlling the position of the moving elements, in response to a prepared reference 
input, in the presence of various types of load disturbances. 
If the performance of the controlled part of the process is to be predicted 
with any degree of accuracy, then it is necessary to fully understand the operation 
of the individual elements, within the control loop, and to detect the load disturb-
ances which affect the system behaviour. 
2 
Literature Survey 
The current literature is rich in references about modern control theory 
(2), (3). Unfortunately, most of the studies are theoretical and far from the applied 
problems of a machine tool designer who too often ignores the control aspect of 
his equipment and merely concentrates his research work on purely mechanical 
questions such as strength of materials , power transmission, friction, etc. By 
chance, sometimes, vibration analysis and its associated differential equations 
make him use the current language of the control engineer. 
However, literature is not abundant in papers describing a numerical 
control machine tool as a complex system composed of numerous interacting 
loops (1); one is more likely to find fractional analysis either of the digital circuits 
(4) or of the hydraulic components (5) or of the structure (6). The Cincinnati 
Milling Machine Company (1), in the U.S.A., and the Machine Tool Design and 
Research Conference (7), in Great Britain, are involved in some research pro-
grams whose objective is to improve machine tool design using Modern Control 
Theory. 
Purpose of the Research 
The study of a numerical control machine tool presents unique challeng-
ing problems in the area of mechanical design, electronics, and hydraulics. The 
successful marriage of the elements, in these three fields, should be the result 
of a synthesis made by means of modern control theory. 
To allow such a synthesis, a classical milling machine structure has been 
selected, as shown in Figure 1. 
3 
Using linear and nonlinear control theory, the study will investigate the 
following groups of elements composing a schematized numerical control machine 
tool. 
1. electro-mechanical components such as gears, transmission screws, guide-
ways and bed structure. 
2. hydraulic actuator, a fixed displacement axial piston rotary motor. 
3. electro-hydraulic servovalve, a two-stage type. 
4. numerical control equipment such as a bidirectional counter, a digital-analog 
converter, a position feedback quantizer and other electronic elements com-
posing compensation loops. 
5. electric motor, the rotary actuator of the spindle and cutter. 
Special care will be devoted to the identification of the load perturbation 
sources and particularly to the effects generated by the metal cutting process. 
Figure 2 represents a simplified block diagram for the schematized 
numerical control machine tool of Figure 1. For clarity, at this stage of the 
study, load disturbances have been limited to the cutting effort, while a single 
transfer function characterizes the behaviour of all the mechanical components 
of the machine; some other feedback compensation loops will be added further in 
the study. 
The main objective cf this study is to provide the N/C machine tool 
designer and user with a synthetic model taking into account the fundamental com-
ponents of the system and the load perturbations induced during the metal cutting 
process. This model might contribute to the detection of the causes of an undesirable 
4 
response pattern such as a "staircase" shaped time response, an unstable behaviour, 
a large position or velocity e r ror , under or overdamped characteristics, etc. 
The first chapters are devoted to the modeling while Chapters VI and VII 
(Conclusions) give suggestions for further research such as the simulation on an 
analog computer and the stability analysis required by the presence of nonlinear i t ies. 
5 
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Figure 1. A Schematized N/C Machine Tool. 
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Figure 2. Simplified Model of a N/C Machine Tool. 
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CHAPTER H 
MODELING OF THE ELECTRO-MECHANICAL COMPONENTS 
The Metal Cutting Process 
Milling Process on a Single Degree of Freedom System 
As shown in Figure 1, only one direction of displacement is considered 
for the machine table. It is assumed that the only vibration direction, the resu l -
tant cutting force and the table displacement along the horizontal x-direction are 
parallel and contained in the same vertical plane. 
A model of the cutting process to be investigated is shown in Figure 3. 
The resultant cutting force, F , is applied to the middle of the arc of contact 
between the tool and the workpiece and its direction is normal to the cut surface. 
The instantaneous cutting force, F. , acting at a single tooth of the cutter is due 
to the dynamic chip thickness variation, u. Its direction is defined by the angles 
cp. and j3, where cp . characterizes the instantaneous position of the tooth and /3 
the angle between F. and the radial direction. The subscript "iM is used to identify 
any particular tooth. As shown in Figure 4, the maximum chip thickness occurs 
in the radial direction. With this notation, the cutting force component, caused by 
the table displacement, in the x-direction is formulated as follows: 
F. = k • u * since sin(cp. + 8) 
IX 1. x I VMi H/ 
where k is a coefficient and u is defined by 







Figure 3. Model of the Cutting Process . 
AJ^ 
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Figure 4. Chip Formation. 
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U x = K* " 7) ' X(t) 
with T, the period of rotation for the cutter and z, the number of teeth of the 
cutter. 
The product of the two circular functions 
R. = sin cp. sin(cp. + 6) 
1 l I 
is a time dependent coefficient since the position of the different teeth is continu-
ously changing. As several blades of the cutter are milling simultaneously, the 
total force F applied in the x-direction is given by the summation of the compo-
A. 
nents acting at the different teeth in contact with the cut surface. 
z z 
F
v = '£ F. = k , fx ( t -—)-x( t ) l - £ R. (1) 
x . , IX 1L ' z ' w J . „ i w 
where 
i=l — ~ " - i=i 
R. = R.(cp) for cp, + 2nir< cp. < & + 2nrr 
I i i ' 1 — i — 2 
R. = 0 for cpn + 2n?r< cp. < cp, + 2n77" 
l 2 — l — l 
with cp indicating the angle value for which a tooth begins to cut and cp the angle 
value for which the tooth stops to cut. 
In order to simplify the computation of the total cutting effort, F , the 
present problem with a time varying coefficient can be reduced to a system with 
a time invariant coefficient. The coefficient R. can be approximated by its time 
average. Thus it comes 
9 
« / 2 
c ? ~ 
F = k„u I sincpsin(cp+p) dcp 
X 1 X CD - C D «J 
V l Cf 
with z the number of teeth in contact with the cut surface. 
A simplified form is given by 
Tx = «*-£)-*«] <2> 
where k is a constant and f the frequency of rotation for the cutter. 
Numerical Application. Lets assume 
o 
cpx = -90 
cp2 = 4-90° 
0 = 60° 




F x = i k l [*(*-£)-*<*>] 
Load Torque Acting on the Spindle and Cutter 
The projection of F. on the tangent to the cut surface at the contact between 
the blade and the cut surface, F , is needed to evaluate the load torque T to which 
it L 
the spindle and cutter are submitted. It comes 
F... = k.,u sincp. cosf— - 8 ) 
it 1 x I \2 / 
The Load Torque, T , is given by the expression 
Li 
10 
T = 9- k,u cosf-^- p) Y R.' (3) 
L 2 1 x \2 H J L i x ' 
i=l 
R ' = s in cp. for cp + 2n77< cp < cp + 2n7r 
l l 1 — I — 2 
R.' = 0 for cp + 2n77 < 9. < «p1 + 2nrr 
i ^ 1 J. 
and d, the diameter of the cutter. 
As in the preceding paragraph, the time dependent coefficient, R.', can be 
replaced by its time average, thus the following approximate expression can be 
written 
z \ 
/ 77 \ O. f» 
sincpdcp T = k u cos f - f - f lV—— L 1 x \ 2 ' / cp -cp., . 
2 YI cpx 
a simplified form is 
T L = K' ;x(t-i)-x (t)] (4) 
where K' is a constant. 
Numerical Application. Lets assume the same values as employed in the 
preceding paragraph. This gives 
T L = 2 . 7 6 [ x ( t - i ) - x ( t ) 
11 
The Rotary D.C. Actuator of the Cutter 
General Equations 
Following the trend of industry a classical D. C. motor with armature con-
trol has been selected. As the current literature provides many studies about the 
D.C. motor, Figure 5 and the following equations are sufficient to describe the 
operation of such an actuator. 
T = K i 
T m 
e - Ku6 m b m 
where 6 is the speed of rotation of the shaft, T the torque produced by the 
motor, i its armature current, e the back emfj K,_ and K_ two constants, 
m m r b 
Thus the voltage equation is 
di 
I- -^p- + R i + e = e m at m m m a 
where L and R are the armature inductance and resistance and e the adjust-
m m a 
able voltage applied to the armature. The torque equation at the motor shaft is 
J 9 + B9 + Tx = T (5) 
m m L 
where J is the inertia load, B a damping coefficient and T an arbitrary load 
i-i 
torque applied to the motor shaft. 
Influence of Reduction Gears on a Rotary Actuator 

















Figure 6. Reduction Gears. 
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written 
J i 9 i + BiVV T 
5 A + B292 + TL = T2 
T2 = nT 
.4 
where n is the reduction ratio, T the restraining torque produced on gear 1 by-
gear 2, T the driving torque produced on gear 2 by gear 1, T an arbitrary load 
2 L 
torque produced on gear 2, T the driving torque produced by the actuator on gear 1, 
J , J and B , B the moments of inertia and damping coefficients of gears 1 and 
j . z J. -4 
2. Thus, it can be written 
B 
( j i+-fX+(B i+-f->i+v-= T ®) 
n n 
the two expressions between brackets represent the moment of inertia and damp-
ing of an equivalent system having mechanical characteristics equal to 
J 2 
Jeq = V T <7"a> 
n 
B 2 
B = B, + — (7-b) 
n 
and only one single dependent variable Q . It has been assumed that the shaft on 
14 
which the gears are mounted are very short, so that their stiffness may be con-
sidered as infinite. 
The Compliant Drive of the Machine Table 
Some Practical Considerations 
They are needed to model a real drive system. Figure 7 represents the 
type of drive investigated. The input to the system is 0 , the hydraulic motor 
output, i . e . the shaft rotation. 0 is the angular displacement of the lead-screw 
/L 
at position 2, just after the reduction gears. 0 is the angular displacement of the 
lead-screw at position 3; the cross section through the screw, at position 3, defines 
a vertical plane containing the center of gravity of the table-workpiece assembly. 
The workpiece is assumed to be clamped on the surface of the table by a perfectly 
rigid device. The difference of angle, 0 - 0 , represents the angular deflection 
of the screw between positions 2 and 3. This deflection is caused by the effort of 
torsion, T, and the effort of compression, F, to which the screw is submitted. 
These efforts are induced by the cutting process, the table displacement and the 
various frictions occurring in the transmission nut, the thrust bearings and the 
guideways of the table. 
In the following it is assumed that the resultant of the efforts applied to the 
table (or the workpiece) induces a uniform axial loading of the lead screw. Even 
in the case of side loads applied to the table, or the workpiece, it is possible to 
assure a uniform axial loading of the screw, a method is suggested in Figure 8. 
Most of the lead screw transmissions are of the ball-bearing type. The 
idea that there is less friction in rolling than in sliding is at the base of this 
eepUCTlON & £ A £ 5 > -/ssyssssss/sX 
FT" 
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Figure 8. Method to Assure a Uniform Axial Loading at the Nut. 
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commonly used device. A typical ball-bearing screw is described as an assembly 
where "the screw and nut each have mating helical ball races; within the nut, the 
length of this race is filled with steel bal ls . . . . This construction thus forms a 
closed circuit through which the rolling b a l l s , . . . , recirculate continuously as 
the screw and nut are rotated relative to each other" (8). As a result, friction 
losses are low and operating efficiencies run up to 98 per cent. In order to draw 
a maximum of benefit from this characteristic it is recommended that anti-friction 
bearings be used for the end-mounting of the lead screw. 
A certain degree of backlash, due to the precision of the adjustment, is 
inevitable in ball bearing assemblies, this usually never exceeds 0.005 inch. The 
classical method of the anti-backlash gears is not advised with ball-bearing equip-
ments, this would induce heavy friction losses and cut down the high efficiency of 
the system. The Saginaw Steering Gear Division, a General Motors Subsidiary, 
proposes a method to reduce the backlash; they employ two flange type nuts, 
mounted flange to flange, with a spacer between them, as shown in Figure 9; a 
precise adjustment of the end play is achieved by regulating the thickness of the 
spacer. A second type of friction appears when the lead screw starts to rotate, 
this is caused by a sliding motion between the balls and the race ways. If the 
backlash due to the precision of the ball-bearing assembly is small enough to be 
neglected but large enough to keep away from zero, it is possible to neglect the 
influence of this second non-linearity; the reason is that too small a backlash 
would cause a three-point contact between the balls and the race ways, as shown 






Figure 9. Elimination of Backlash. 
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Figure 10. Backlash and Starting Friction Force. 
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the modeling process requires a satisfactory lubrication. A detailed analysis of 
the starting friction has been conducted by Z. Murase (8). 
Because of the small magnitude of their friction losses, the ball-bearing 
transmissions must be equipped with no-back devices and braking systems in 
order to compensate the free-running action in either direction (9). 
It is currently admitted that the friction in plain guideways, with metal- to-
metal contact, is of the coulomb type. A closer analysis would include a static 
friction, also called striction, and a coulomb friction. This metal-to-metal 
contact is the cause of an unstable behaviour called "st ick-sl ip," this might be 
avoided by the use of hydrostatic bearings whose main advantages are high load 
carrying capacity, high stiffness, the absence of metal-to-metal contact and their 
good damping characteristics (10). 
A typical coulomb and striction friction is described by Figure 11. The 
friction in a system at rest is called static friction or striction. The frictional 
force F is equal to the force that is tending to produce motion as long as no motion s 
actually occurs. As soon as the table starts to move, the friction force drops to 
F , the value of the coulomb friction which is not dependent upon the velocity 
except for i ts sign. 
All these practical considerations allow the following assumptions for the 
modeling of a numerical control machine tool: 
1. no significant backlash in the lead screw. 
2. viscuous friction with a small damping coefficient for the screw and nut 
transmission. 
19 
3. no significant influence of the anti-friction thrust-bearings. 
4. omission of tbe influence of the no-back and braking devices. 
5. uniform axial loading of the lead screw. 
6. coulomb friction in the slideways. 
The Lead Screw Reflections 
Appendix A describes a method to obtain a rough estimate for the axial 
stiffness, K , and the torsional stiffness, K , of the lead screw. Using the 
A A 
notation of Figure 7, it appears that the linear relation between the angular d i s -
placement of the screw and the linear displacement of the center of gravity of the 
table and workpiece assembly is valid at only one position labelled No. 3. There, 
the relation 
X = ~t 93 <8> 
can be written with x, the displacement of the center of gravity of the table and 
workpiece assemMy, and L, the lead of the thread of the screw. It can be written 
that 





is the angular deflection due to the torsion torque, T, and 
a A B K. L 
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is the angular deflection due to the compression strength, F . 
The Torsion Torque T. It is the summation of 
1. T , the torque due to the cutting effort. 
2. T , the torque due to a viscuous friction in the screw and nut transmission. 
dt 
3. T , the torque due to a nonlinear coulomb friction in the slideways. 
o 
4. T , the torque required to accelerate the screw. 
The torque T is computed from the elements shown in Figure 12. The 
uniform axial loading of the screw due to the cutting effort, F , is characterized 
A. 
by a uniform distribution of forces along the helical surface of contact between 
the threads of the screw and the threads of the nut. The easiest method to study 
the forces applied to the screw consists of using the equivalent definition of the 
problem shown in Figure 13. This is a mass sliding on a slope, the mass is the 
equivalent of the nut while the slope angle, cp, corresponds to the helix angle of 
the thread. Thus, 
T 1 = | cotcp.Fx 
where d is the pitch diameter of the screw. 
With equation (2), it comes 
T i = K iK[x( t _ if)-x ( t )] (10) 
where K is a constant given by 
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Figure 11. Typical Coulomb and Striction Frictions. 
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Figure 12. Uniform Axial Loading of the Screw. 
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Figure 13. Equivalent Problem. 
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A more accurate method could be developed to take into account the real 
shape of a ball bearing lead screw; in this case the rolling balls are the medium 
of force transfer. 
A rough estimate of the viscuous friction torque, T , is obtained for a 
tL 
simplified type of lead screw defined in Figure 14. The viscuous friction force, 
F , is tangent to the surface of the thread and is oriented along the direction 
defined by the helix angle cp, as shown in Figure 15. The magnitude of F is 
proportional to the surface of the threads, A, and to the relative velocity of the 
thread of the screw with respect to the thread of the nut, v. 
Thus 
L^3 F = KAv = KA ^— (11) 
v 27rsincp * 
with L, the thread lead and 9 , the velocity of the angular displacement of the 
screw at position 3, i . e . at .the position generated by the vertical plane, normal 
to the screw-axis, containing the center of gravity of the table-workpiece assembly, 
recall Figure 7. 
The tangential component of F is 
KAL • 
F = • 9 
t 2TT °3 
thus the friction torque becomes 
V - f ' i ' ^ - S V <12> 
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where K is a constant and d, the pitch diameter of the screw. The surface of 
£1 
the threads in contact is roughly 
A = a i — . ird 
with 0, the length of the threaded portion of the nut. 
The torque T is characterized by a nonlinear transfer function. Figure 
o 
16 is the block diagram representation of the coulomb friction effect. Multiplying 
9 (s) by L/2TT gives the Laplace transform of the table velocity, X(s). Then 
comes the nonlinear block representing the coulomb friction, its output is F (s), 
o 
the Laplace transform of the resultant of the friction forces induced in the slide-
ways; physically the force F causes a uniform axial loading in the lead screw 
o 
and thus induces the torque T . The relation between F and T is the same as 
O O o 
between the cutting effort, F , and the corresponding torque T , i .e . 
2*. X. 
T 3 = K l F 3 (13) 
The torque. T. required to accelerate the screw in rotation is 
T 4 = J 9 3 (14) 
with J, the inertia of the screw and Q , the acceleration of the angular displace-
o 
ment of the lead screw at position 3, defined as previously. 
The Compression Strength F. It is the summation of 
1. F , the force due to the cutting effort. 
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2. F , the force due to a viscuous friction in the screw and nut transmission. 
3. F , the force due to a nonlinear coulomb friction in the slideways. 
4. F , the force required to accelerate the table-workpiece assembly. 
The force F is the resultant of the uniform axial loading of the lead screw 
caused by the cutting effort; its magnitude equals the magnitude of the cutting 
effort F defined by equation (2), 
Fi-\=KHt-ii)-x^] 
A rough estimate of the friction force, F , is obtained for the simplified 
type of lead screw already defined in Figure 14. The study of the equivalent prob-
lem of a mass sliding on a slope, as represented in Figure 15, shows that F is 
the projection of the friction force, F , in the x-direction, i . e . on the axis of 
the lead screw. Thus it comes 
F r t = F cos cp 2 v 
or with substitution of equation (11) 
F2 = KA^%COt"=K2% <15> 
where K' is a constant. 
The force F has already been defined in the preceding paragraph; Figure 16 
«J 
is a block diagram representation of the coulomb friction, i . e . of the cause of F . 
o 
The force F required to accelerate the table-workpiece assembly is 
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F 4 " ! ? *3 <"> " 
with M, the mass of the table-workpiece assembly; L and 0 represent the same 
o 
physical values as in previous paragraphs. 
Interfacing of Cutter Rotation and Table Displacement 
The Load Torque Applied to the D. C. Motor 
As seen previously in this chapter, the load torque to which the cutter and 
spindle are submitted is defined by Equation 4 which is modified as follows: 
*L-s'[*('-in-*«.] 
with x the function describing the table displacement, 0 the speed of rotation of 
m 
the D. C. motor shaft, n the reduction ratio between the D. C. motor rotation and 
the spindle rotation and z the number of teeth of the cutter. This notation is sum-
marized in Figure 17. If J ^ and B represent the inertia and damping coefficients 
of the single variable system equivalent to the motor and gear combination, there 
comes the incomplete block diagram representation shown in Figure 18; this model 
assumes the following series expansion (11), 
r 2 
K* - f~ yx(t) -f"i(t>+"^~ *(t) 
m m 20 
m 
with c = 2 7rn 
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Figure 14. Definition of the Simplified Type of Thread. 
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Figure 17. Load Torque Influence on the D. C. Motor. 
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The products of two time-domain functions 
x(t) by (T1 
x ( t ) b y e " 2 m 
could be Laplace transformed using the complex convolution integral definition, 
as shown in Appendix B. This method would be difficult to employ and it is recom-
mended that the system be simulated on an analog computer; one could use the 
Quarter Square Multiplier, as described in Appendix C. Figure 19 gives the base 
for a computer setup. 
A Simplified Model 
The major difficulty to overcome in the modeling process appears in 
Equations (2) and (10) giving the expressions of F and T 
i = Fx = «*-•£)-*<*> 
Ti = Ki «*-£)-*<*> 
Here x is a function of time and of "f" which is itself a function of time. As in 
the preceding paragraph, the use of a series expansion would be the best approach 
for a detailed mathematical analysis. Figure 20 allows one to have a physical under-
standing of the problem: the table displacement and the cutter rotation (or its fre-
quency f) are function of the cutting load which is itself a function of the table 
displacement and cutter rotation. Assuming a sufficiently powerful D. C. motor 
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Figure 18. Block Diagram Representation of the D. C. Motor, 
Gears and Spindle System. 
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Figure 19. Computer Setup for the Simulation of the Missing Transfer 
Function in Figure 18. 
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Figure 20. Feedback Loops of the• Cutting Process . 
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to overcome the cutting load, with a small sensitivity to the load variations, is a 
reasonable simplification of the problem. If "f" is considered to remain constant, 
the following expressions can be written, applying the Laplace transform 
F ^ s ) = K 
s 
zf -l]-X(s) (17) 
r~ff i 
T (s) = K KLe - 1J X(s) (18) 
Stiffness Coefficients and Lead Screw Deflections 
Equation 6 introduced K. and K , the axial and torsional stiffness of the 
lead screw, respectively. In Appendix A, K and K_ have been computed for a 
A 1 
fixed length of the screw. A more sophisticated analysis shows that the length to 
be considered in the computation of K. and K is the portion of the screw com-
prised between positions 1 and 2, as defined in Figure 7. This length is time 
varying and can be measured by the table displacement x(t), or x(t) plus a constant. 
As K. and K are proportional to l/x(t), the following expressions for the axial 
and torsional deflections of the screw can be written 
A A e = k A F - x (19) 
A T 6 = k T
T * x (20) 
with k . and k , two constants. The product of the two time-domain functions x(t) 
and F(t) could be Laplace transformed using the complex convolution integral 
definition given in Appendix B. As this method would lead to a complex 
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mathematical analysis, a simulation on an analog computer and the use of the 
Quarter Square Multiplier of Appendix C are recommended. 
If, during a specific machining operation, the table displacements remain 
very small compared to the length of the portion of lead screw between position 2 
and position 3* it Is time saving to start with an approximate anatysis under the 
assumption that the stiffness coefficients of the screw remain constant. Thus 
Equations 19 and 20 would be simplified by replacing the time varying function 
x(t) by a constant value x . 
Block Diagram Representation of the Lead Screw Transmission 
Enough elements have been studied to draw the block diagram represen-
tation shown in Figure 21. The input is Q , wrhile the output is x; two groups of 
feedback loops, the torques and the axial efforts, allow the evaluation of the 
angular deflection of the screw; this value subtracted from the input 0 , gives 
the angular displacement of the screw at position 3, the only position where the 
angular displacement of the screw and the linear displacement of the table are 
related by a constant transfer function 
x(s) = ^ e 3 ( S ) 
or in the time domain 
*<t> = £ % (t) (8) 
This model has been established under the assumption leading to the approx-
imate expressions given by Equations 17 and 18. 
31 
List of Symbols and Reference to Their Origin 
F Resultant of the forces inducing a uniform axial loading of the 
lead screw 
F Resultant of the uniform axial loading of the lead screw due to 
the cutting effort 
F Resultant of the uniform axial loading of the lead screw due to 
the viscuous friction between nut and screw 
F Resultant of the uniform axial loading of the lead screw due to 
the coulomb friction in the slideways 
F . Resultant of the uniform axial loading of the lead screw due to 
the acceleration of the table 
f Frequency of the cutter rotary motion 
J Inertia of the lead screw 
K Constant Coefficient (defined in Equation 2) 
K ' Constant Coefficient (defined in Equation 4) 
K Constant Coefficient (defined in Equations 13, 10) 
K Constant Coefficient (defined in Equation 12) 
K ' Constant Coefficient (defined in Equation 15) 
K. Axial stiffness coefficient of the lead screw 
A 
K Torsional stiffness coefficient of the lead screw 
k . Constant Coefficient (defined in Equation 19) 
k Constant Coefficient (defined in Equation 20) 
L Lead of the thread in nut and screw 
M Mass of the table-workpiece assembly 
s Laplace operator 
T Total torque applied to the lead screw 
T Torque applied to lead screw due to the cutting effort 
T Torque applied to the lead screw due to the viscuous friction 
between nut and screw 
T Torque applied to the lead screw due to the coulomb friction 
in the slideways 
T Torque applied to the lead screw due to the acceleration of 
the screw 
t Time 
x ,x Table displacement and table velocity, respectively 
X(s) Laplace transform of table velocity 
z Number of teeth composing the cutter 
Ar 8 Deflection of lead screw due to torsional stiffness 
AA 8 Deflection of lead screw due to axial stiffness 
A 
Q Angular displacement of the output shaft of the rotary hydraulic 
actuator 
Q Angular displacement of the lead screw at position 2 (defined 
in Figure 7) 
Angular disp 
screw, respectively, at position 3 (defined in Figure 7). 

















































Figure 21. Block Diagram Representation of the Lead Screw Transmission. 
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CHAPTER HI 
MODELING OF THE ELECTROHYDRAULIC COMPONENTS 
"Why an Electrohydraulic Servodrive 
For the servomotors the transient response is more important than the 
steady-state performance. Gille, Pelegrin, Decaulne (12) show that the design 
of a servomotor i s based on its capacity to absorb and generate mechanical energy; 
therefore servomotors are always designed so that the inertias of their moving 
parts are minimizied or, more precisely, that the ratio of inertia over mechanical 
torque is as low a s possible. The ratio in size between a high pressure hydraulic 
pump and the electric motor required to run it can reach 1/10 (13). This has a 
significant bearing on automatic control for, as mentioned above, the inertias of 
the moving parts laave an important influence on the response of the servodrive 
and therefore on flie frequency range over which it can be used. By virtue of their 
low inertia, high-power hydraulic motors have a small time constant and thus a 
better response tfean their equivalent electric motors. Most of the main drawbacks 
of oil characterist ics have been eliminated with today's products; the old-time foam 
trouble, the high temperature instability of the viscosity, the auto-inflammability 
danger and even ttie leakage problems have been reduced to a minimum. Another 
advantage of the hydraulic motor is that it may be repeatedly stalled bjr overloading 
without any damage. 
When it is required to combine rapid response and high power, the hydraulic 
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system is best, but when the energy level remains low, electrical systems have 
an extremely night speed of response. Besides this, it should be noted that the 
classical hydraulic error-measurement devices are large and unable to perform 
the accuracy obtained with electronic devices, such as those using photoelectricity, 
LASER, inductance, etc. The above mentioned classical hydraulic e r ror -measure-
ment devices do riot include the systems designed with fluidic components which 
can often compete with the solid-state electronic components. By selecting an 
electrohydraulic feedback control system, in which the electrical components 
handle the low energy signals (compensation networks, detectors . . . ) and the 
hydraulic components guarantee a high-power-to-weight ratio, one can usually 
obtain a high performance system combining the advantage of the two types of 
equipment. Figure 22 summarizes the various categories of hydraulic servo-
drives. Type b-3 is a schematic drawing of the investigated system. 
A Two- Stage Electrohydraulic Servovalve 
This is the most commonly used type of electrohydraulic servovalve, it 
avoids the major drawbacks of the single stage type which are its limited flow 
capacity, due to the limited magnitude of the force available to stroke the spool, 
and its high sensitivity to the load dynamics. From the current literature (5, 14), 
a simplified two-stage hydraulic servovalve has been defined; as shown in Figure 
23, the spool ends are under the pressure of stiff springs which act to center the 
spool against the pressure differential caused by the first stage; this first stage 
is of the flapper-nozzle type. The following notation will be used: 
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Figure 22. Several Types of Hydraulic Servodrives. 
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Figure 23. A Two-Stage Electrohydraulic Servovalve. 
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For the fluid: 
j8 Bulk modulus 
p Supply pressure 
s 
For the electrical stage (the flapper plate is the armature of the torque motor): 
T_ Torque developed on the armature 
i Current input 
K Torque constant 
K Magnetic spring constant 
J Inertia of armature 
a 
K Rotational stiffness coefficient of armature a 
B Rotational viscuous friction coefficient of armature 
a 
For the first hydraulic stage: 
9 Angle of rotation of the flapper-plate 
L Distance between nozzles 
x Deflection of flapper in direction of jet, x = %8L 
x Distance between nozzle and flapper-plate at equilibrium position 
d„ Diameter of nozzle 
o Cross-sectional area of nozzle 
s Area of fluid jet at nozzle 
d , s Diameter and section of fixed orifices 
if i = 0 -f = p4 
Pressure between fixed orifice and nozzle: r p" = p - p 
LD' = D. + P  P 4
 + P 
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V Volume of fluid at pressure p ' or p " 
q ><! t % Flow thru hydraulic potentiometer at fixed orifice, 
nozzle and equilibrium position, respectively 
For the second hydraulic stage: 
A Diameter of spool 
T3 
— Stiffness of each spool end spring 
F Viscuous friction coefficient of spool 
M Mass of spool 
y Displacement of spool from equilibrium position 
The equations describing this system are the torque equation for the flapper plate, 
the force equation for the spool and the equation of the flow through the hydraulic 
potentiometer: 
T , = K i + K 6- pLor0 (21) 
d t m 2 x ' 
= K 6 t B e + J 0 a a a 
2Ap = Ry + Fy + My (22) 
q e - q s = A i r h i P <23> 
It can also be written, 
q = k s n \p - p " 
e 1 V s 
and 
% = k S 2 ^ 
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which give after differentiation 
dq d(p - p " ) 
and 
q 0 2 (p g -p" ) o 2 p s - p 4 
q o " S20 + 2 P o ' " " X o + 2 P< 
thus it can be stated that 
3J> P v q~ 
O S V . O + - p - — x + A y = 0 
2p,(p -P.) 8 * x 4 s 4 o 
Replacing x by 0L/2 
q p 
o s , 




2x " y 6 
o 
V 
gives ap-+"3 p - - 6 0+Ay = 0 
P 
Rewriting Equations 22, 23 and 24, using the Laplace Transform operator 
s, leads to 
KI-LoU? 
9 = * L (24) 
K -K +B s+J s z 
a m a a 
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6 0-AsY p = J±l SLL. (25) 
V 
a + - s 
Y = — 2 (26) 
R+Is +Ms 
where 0(s), P(s), Y(s) and I(s) are the Laplace Transforms of 0(t), p(t), y(t) and 
i(t), respectively. These three equations permit the block diagram representation 
shown in Figure 24, or its simplification shown in Figure 25. In this analysis the 
influence of the flow induced forces, also named Bernouilli forces, has been neg-
lected. These forces are of two types: 
1. The steady-state flow force due to the jet force through an orifice. 
2. The transient flow force due to the acceleration of the fluid in the annular 
valve chamber. 
This second type of force is of little significance to the valve dynamics (5). The 
first type of force has an axial component that tends to close the orifice of the 
valve chamber, as shown in Figure 26. This is similar to the action of a centering 
spring on the valve spool. This steady-state flow force F. is directly proportional 
to the orifice area gradient w, the spool displacement y and the pressure drop 
through the orifice Ap; its direction is determined by the jet angle 0. 
F. = kwy Ap 
The product (w-y) represents the orifice area. To stroke the spool, it is therefore 
Figure 24. Block Diagram Representation of a Two-Stage Electrohydraulic Servovalve. 
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Figure 26. Steady-State Flow Forces Acting Upon a Spool Valve. 
Figure 27. Coulomb Friction between Spool and Valve Chamber Walls. 
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necessary to apply an additional effort greater than F. cos 0, the axial component 
of the jet force F . . This consideration is fundamental for a single-stage valve 
J 
but is of little significance for a two-stage device. 
A servodrive must not be unstable; this is why it might be of interest to 
investigate the effect of a coulomb friction F in the valve chamber. In this case, 
an approximate preliminary analysis will neglect the viscuous friction in the cham-
ber and the mass of the spool. Thus, a new equation can be written for the force 
combination acting upon the spool, 
2Ap .= Ry + F (27) 
This equation allows the new block diagram representation shown in Figure 27. 
The Amplifier and the Torque Motor 
As seen in the preceding paragraph, the torque motor of the electrohydraulic 
servovalve is driven by a signal current i generated through a D. C. amplifier. 
Figure 28 shows how a signal voltage input e establishes the current i. R is the 
& - * • 
input resistance of the amplifier, E its open circuit voltage and R its output 
o . o 
resistance; i drives the parallel-mounted coils of the torque motor armature; each 
of these coils admits a current i /2; their resistance and self inductance are R and 
c 
L , respectively; their mutual inductance is M. The angular displacement 0 of the 
flapper plate creates a magnetic flux, thus there occurs a back e.m.f. propor-
tional to 0; K is the back e.m.f. constant for each coil. It can be written that 
a 
d \ 2 
E - iR = R 
d0 d \ 2 
+ K b d T < L c + M > o o c \2 / od t c ' dt 
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If K is the gain of the amplifier 
E = Ke 
o g 
a substitution of K and the use of the Laplace Transform operator would give 
' o • • 
R 
i r /_ 
e 
cr - K k - r ) ' * ^ ) - • <28> 
+ V 9 ] 
A block diagram representation is given in Figure 29, with 
R 
R = R + —2-
o 2 
L +M 
As previously mentioned the feedback loop containing K s is caused by the 
magnetic flux induced by the angular displacement 6. In Figure 24 there is another 
feedback loop, defined by the coefficient K , which is also caused by the magnetic 
flux induced by the angular displacement 0. Therefore, it is logical to use only one 
of those two feedback loops when analyzing the overall system composed of the 
amplifier, the torque motor, the flapper plate and the spool valve. 
The Valve Controlled Hydraulic Rotary Motor 
The system i s illustrated by Figure 30. Assuming that the servovalve 


















Figure 28. The D. C. Amplifier and the Torque Motor. 
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Figure 29. Block Diagram Representation of the Amplifier-
Torque Motor System. 
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and below p /2 by equal amounts so that the pressure drops through the two 
s 
orifices are identical and hence the valve coefficients for both flows are the same. 
The linearized servovalve flow equation is 
qT = K y - K pT (29) 
L qJ c L 
with q i + q 2 • , - -
q = ——— = load flow 
p = p - p = load pressure difference 
L X Z 
q and q are the forward and return flows, p and p the forward and return p r e s -
sures, y the valve displacements from neutral, K the valve flow gain and K the 
valve flow-pressure coefficient. 
After the valve equation, there comes the motor analysis; the description 
of a classical hydraulic rotary motor is available in current literature (5). Applying 
the continuity equation to each motor chamber allows Merritt (14) to obtain the 




D m ? e i + . C t m P L + 4 J » P L <3°> 
where Q , P and Q are the Laplace transforms of the load flow q , the load 
L L 1. L 
pressure difference p_ and the angular position 9̂  of the motor shaft; D is the 
L 1 m 
3 , 
volumetric displacement of the motor (in. / rad) , C the total leakage coefficient 
3 
of the motor (in. /sec/psi) , )3 the effective bulk modulus of the system (including 
oil, trapped air and mechanical compliance of the chambers) and V the total volume 
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of oil under pressure p and p (including the servovalve, motor chambers, 
connecting lines). 
A third relation can be written to express the torque balance equation for 
the motor which, Laplace transformed, is 
T = (P , - P J D = J s e . + Bsfi . + T . (31) 
g v 1 2 / m e l e l L 
where T is the torque developed by the motor, J and B the equivalent inertia 
g e e 
and viscuous damping coefficient of the motor and reduction gears referred to the 
motor shaft (as already described by Equation 15) and T the load torque on the 
Ju 
motor. In the case of the machine tool presently studied, T is defined by 
T = — T (32) 
L n x 
with n the reduction gear ratio and T the total torsion torque on the lead screw, 
already defined in Chapter in . 
In Equation 31 the relation 
T = D (P - P J 
g mv 1 2' 
defines an ideal generated torque; however there are other sources of torque 
losses which have been neglected; the most significant are: 
1. The damping torque, proportional to the motor speed 0 , required to shear 
the fluid in the small clearances between parts in relative motion. This effect 
is usually considered to define the value of the damping coefficient B . 
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2. The friction forces opposing motion of the piston; they cause an opposing 
friction torque proportional to the motor displacement and to the motor 
p ressures . For steady state performance this torque loss is illustrated in 
Figure 31 and written as 
*i 
3. The negligible torque required to overcome the seal friction. 
Equations 29, 30 and 31 allow the block diagram representation (14) shown 
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Figure 32. Block Diagram Representation of the Valve 
Controlled Rotary Motor. 
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CHAPTER IV 
MODELING OF THE NUMERICAL CONTROL COMPONENTS 
Description of a Typical Incremental Digital 
Feedback Control System 
The block diagram (15) of such a position-control system is shown in 
Figure 33. Reference information R , consisting of the desired time response 
of the controlled variable 0, is processed through a reference quantizer, genera-
ting pulses which are then stored. Each pulse indicates that the magnitude of the 
controlled variable should change by one discrete element (quantum). Plus-
+ . -
pulses R (or minus-pulses R ) are generated when the controlled variable is 
desired to increase (or decrease) by one quantum. These reference pulses are 
supplied to a bidirectional counter at a frequency indicative of the desired rate 
of change of the controlled variable. The number in the counter represents the 
instantaneous digital error existing between the actual value of the controlled 
variable and its desired value. The digital-analog converter produces a dis-
continuously varying analog e r ror signal proportional to the number in the counter 
This is the signal which is applied to the amplifier driving the electrohydraulic 
servovalve described in Chapter m . The rotary actuator, also described in 
Chapter III, modifies its position 8 in response to the er ror signal. This actuator 
is mechanically coupled to the table of the machine tool through the lead-screw 
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tool there are two alternatives for the location of the feedback signal detector. 
If position is measured at the table, the control loop will include the lead-screw 
transmission and i ts nonlinearity, this might cause limit cycles. If feedback is 
taken from the hydraulic motor shaft, the'nonlinearity-will be outside the loop and 
this will cause a non-controllable er ror in the response. In both cases a quantizer, 
linear or angular, is coupled to the chosen element, table or motor shaft. This 
+ -
quantizer emits a plus-pulse 0 (or a minus-pulse 8 ) each time that the magni-
tude of the controlled variable increases (or decreases) by one quanta value. 
Recall that a quanta is a discrete equal increment of the controlled variable, this 
is a function of the physical performance of the quantizer. For clarity, Figure 33 
assumes that the feedback signal is taken from the motor shaft. An anticoincidence 
circuit avoids the loss of a pulse due to the possible simultaneous entrance of two 
distinct pulses. 
A typical desired time response for the controlled variable is a "ramp" 
response. The input command for such a response consists of pulses equally 
spaced in time, the number of pulses represents the desired quanta change and 
their frequency represents the desired velocity in quanta per unit of time. With 
such a described system two major undesirable characteristics are observed, 
they are the result of the discontinuous pattern of the er ror signal: the actual 
time response of the controlled variable has a "staircase" pattern and its velocity 
assumes a limit-cycle mode; this is shown (15) in Figure 34. 
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Description of a Compensated 
Digital Control System 
The step-like response is very undesirable for the control of a machine 
tool because of the high-quality surface finish requirements. In order to mini-
mize the undesirable step-like response, A. L. Holliman (15) developed a model 
of a compensated digital control system. 
Compensation signals supplied with the pulse input signal and generated 
within the system provide a continuous reference-input signal R , a continuous 
feedback signal 9 and, thus, a resulting continuous e r ro r signal E . Such a 
c c 
compensated system is shown in Figure 35, where R and 9, are the digital com-
ponents of R and 8 , R and 8 are the incremental components of R and 6 . 
C C ti A C C 
In Appendix D, Figure 48 shows how the compensation operates. 
The advantages of such a compensated system is to retain the qualities of 
an uncompensated digital system, such as an easily transmitted digital input sig-
nal and a very accurate digital component in the feedback signal, while acquiring 
the "smoothness" of operation of a similar analog system. 
A Simple Model 
Figure 36 shows that the continuous reference input R is related to the 
c 
reference information R by a transfer function of value 1. 
Figure 37 shows that the continuous feedback signal 8 is related to the 
actual controlled variable 8 by a transfer function of value 1. 
These graphs have been obtained by A. L. Holliman (15) on an analog 
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Figure 36. A Typical Reference Information RA and the Corresponding Generated 
Continuous Reference Input R . en -q 
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Figure 37. A Typical Controlled-Variable Time-Response 8 and the Corresponding 





E = R - 9 c c 
can be replaced by 
E = RA - 0 A 
Another formulation of this result is that all the following elements 
- Bidirectional counter 
- Anticoincidence circuit 
- Digital-analog converter 
- Feedback quantizer 
- Compensation circuits (tachometer, 
integrator, reset circuit, pulse-
inhibiting circuit) 
are assumed to be represented by the transfer function of constant value k, as 




















Figure 38. Block Diagram Representation with a) Feedback Taken from 
Motor Shaft, b) Feedback Taken from Table. 
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CHAPTER V 
ANOTHER TYPE OF COMPENSATION: 
THE DIGITAL LEAD COMPENSATOR 
The digital lead compensator, described here, manipulates the e r ro r 
signal of the incremental digital positioning system, described in the preceding 
chapters, while it is still in a digital form. As already mentioned, the use of a 
compensation device is required by the discontinuous nature of the feedback sig-
nal wThich might make the classical control system, shown in Figure 33, difficult 
to stabilize. In effect, the control variable is represented in the control system 
only when a feedback pulse is generated by the quantizer; the system runs open-
loop the rest of the time. 
Digital Approximation of an Analog Derivative Action 
The derivative response of a classical analog lead compensator can be 
approximated by a digital control network whose response is the sum of two step 
functions, as shown in Figure 39. The compensator output, for a step input, is 
given by 
E(t) = (a+l)u(t) - au ( t -T) 
where u(t) is the unit step function at time t=0 and "a" is the amplitude of the pulse 
superimposed on the proportional uncompensated output, T is the pulse width. 
The Laplace transforms of the output and input lead to the transfer function 
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-Ts 
C(s) = a + 1 - a e 
or with s = or +• jo; 
— TVT 
C(s) = a + l - a e (cos Tco- j sin TW) (33) 
This transfer function C(s) has no finite poles; its zeros may be found by 
separating the real and imaginary parts of Equation 33 and setting them equal to 
zero. The zeros added by the compensator are given by 
1 „ a • 2 k *r 
Z, = • — ton —— + J — (34) 
k T a + 1 J T v / 
k= 0, + 1, + 2 etc 
Since n a" and T are greater than zero, the real part of those zeros Z, is always 
negative, this shows that all the zeros lie in the left-half of the s-plane. 
In the frequency domain, C(jco) is obtained for a approaching zero 
CQoo) = a + 1 - a cos Ton- ja sin To: (35) 
If the value of T is small enough, the following approximations can be written 
sin coT = coT 
cos coT = 1 
Substituting these approximated values into Equation (35) gives 
C(jto) = 1+ ja Tco (36) 
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The compensator consists of two one-shots which provide a pulse of width 
T with each positive or negative counter input pulse, as shown in Figure 40, If 
two pulses arr ive at the input of a one-shot within the interval of time T, the 
second pulse will mot register and the compensation effect will be lost. Thus, T 
must be chosen smaller than the time between command pulses when emitted at 
the maximum possible rate . 
Improvement of the System Stability 
As seen previously, the compensator adds an infinite number of zeros to 
the system. Neglecting the zeros which are far from the system poles limits the 
study to the influence of the only significant zero, the one at 
* = f ^ (37) 
As the pulse height "a" increases, the sigtiificant added zero approaches the origin 
and the loci branches bend to the left, away from the imaginary axis, thus increas-
ing the maximum allowable gain to keep the system stable (16). 
E ( « B(t) 
a+i 
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Figure 40. Digital Lead Compensator. 
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CHAPTER VI 
INFLUENCE OF STRUCTURE DEFLECTIONS 
This chapter formulates problems which could be investigated in further 
studies. In the preceding chapters, the bed structure of the machine tool was 
assumed to be of perfect rigidity while chatter perturbations were neglected. 
Bed Deflections 
In many cases bed deflections must be considered since the position detec-
tor is usually suspended between a part of the bed structure and the table. The 
analysis of a machine tool structure is too complex to be developed here; but the 
block diagram representation of Figure 41 shows what modification, in the aspect 
of the control loop, is expected. 
Chatter as a Feedback Loop 
Chatter is a violent vibration caused by the interaction between the metal 
cutting process and the machine tool structure; it can be explained by a feedback 
process (17) which is shown in Figure 42. The feedback path transfer function is 
shown as a delay because, as the structure deflects, the tool is removed from the 
workpiece leaving a lump on the cut surface and this lump must be removed by the 
next cutting tooth; in effect, the structural deflection is multiplied by a delay term 
and added to the desired feed per tooth. In the case of multiple cutting, the feed-
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Figure 41. Influence of Bed Deflections. 













Figure 42. The Chatter Loop. 
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tooth in contact with the cut surface and these transfer functions have time varying 




Machine Tool Designer and Control 
Systems Engineer 
Today's industry is demanding such high performance from machine tools 
that the mechanical designer and the control systems engineer are being forced 
into close cooperation. The study shows how both types of engineers can speak 
a common language: a modern numerically controlled machine tool is described 
as a multiple series of feedback loops. 
In order to achieve completely the design of a high performance machine 
tool, the mechanical engineer and the control systems engineer will have to go 
further than the mathematical modeling steps developed here . They will investi-
gate the problems suggested in Chapter VI: some large machine structures might 
have a significant influence on the dynamic characteristics of the servo-drive 
system, some of these structure resonances might even be affected by the type 
of foundation the machine rests on; the coupling of the chatter loop with the machine 
structure might also influence the overall performance of a numerically controlled 
machine tool. 
Once the complete model is proposed, the cooperation will go on, and the 
mechanical engineer will provide the control systems engineer with actual values 
of the parameters (e.g. , friction coefficients, valve dimensions, Young's modulus, 
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etc.) so that the form of the time response of the total system controlled variable 
can be defined. F o r the system under consideration, a simulation on an analog 
computer is recommended, particularly to avoid time-consuming mathematical 
studies required each time a convolution integral appears in the model. 
Another type of approach could be conducted simultaneously, which would 
include the'optimization of a few of the parameters, and thus the specification of 
the corresponding electromechanical or electrohydraulic characteristics, know-
ing the values of tlae others. 
Nonlinear System Analysis 
Generally speaking, a control system of the type under consideration may 
be designed to operate satisfactorily using linear theory and several requirements 
regarding system parameters may be deduced. However, when a high performance 
specification is to foe satisfied, then the effect of various nonlinearities in the sys-
tem must be understood before the optimum gain distribution can be approached. 
The describing function is a useful tool for dealing with single nonlinearities (18), 
but when several nonlinearities are acting simultaneously the use of an analog com-
puter is desirable. 
The following considerations allow some rough prediction—which needs to 
be verified by an analysis or a simulation—of the presence of limit cycle oscilla-
tions: many limit cycle oscillations within a servo system are due to simple 
mechanical static and sliding frictions. In a comprehensive study H. E. Merrit (19) 
defines three types of servo systems with friction, 
a. - viscuous and friction forces dominant, 
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b. - inertia and friction forces dominant, 
c. - spring and friction forces dominant. 
He shows that the first two cases indicate no particular stability problem; 
it i s only in the third case, where the friction forces are large compared with the 
forces needed to accelerate the load, that instability can be caused. This third 
case illustrates the "stick-slip" phenomenon; at low velocities a mass actuated by 
a compliant drive (e .g . , the machine tool table actuated by a hydraulic rotary motor 
through a lead-screw transmission) may not move "smoothly" along the surface of 
contact ( e .g . , the guideways) but may exhibit a "jumpy" motion below a certain 
critical velocity. 
The Next Generation of Machine Tools 
To complicate the system already described, the machine tools of the next 
decade will have an Adaptive Control loop added to the present multiple loop system. 
In an adaptively controlled machine, sensors will be added to measure various para-
meters generated by the metal cutting process (e .g . , temperature, torque, e tc . ) , 
which will be then converted to some actual performance index of the overall 
machine tool system. This will be compared to a desired index and the adaptive 
controller will introduce correction signals to the numerical control director in 





THE STIFFNESS COEFFICIENTS OF THE LEAD SCREW 
The Axial Stiffness Coefficient 
The Axial Stiffness of a Uniform Circular Bar 
Assuming an elastic material, Hooke's law gives 
„ x -x r t 
I = E JL_2 
A o 
where F is the compression force on the bar, A its circular cross section, E the 
fi 2 
Young's modulus of its material, (30 x 10 lb/in for steel), x and x the displace-
x Z 
ments at its two ends and Q, its initial length; this notation is illustrated in Figure 43, 
Assuming the bar to behave like a linear spring gives 
F = kA(x - x2) 
with k . , the axial stiffness coefficient of the bar defined as 
A 
EA 
kA = A ft. 
usually k . is measured in lb/in. 
A 
The Axial Stiffness of a Schematized Lead-Screw 
A s a first approximation, the helical shape of the thread has been neglected; 
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a representation of the schematized screw is shown in Figure 44, thus the screw 
is considered as a series of circular elements assembled end to end. The axial 
stiffness coefficient of the screw, K . , is such that its inverse, (K.) , is defined 
by the following summation 
2nhL f\ . 1 \ 2 h o 
T I _ V —̂ - -
 2nh  f_L -L ^ 
K. " L k.. ~ E V A / A / —, - - EA Ai l o o 
where L is the lead, n the number of leads per unit length of threaded bar, h the 
length of the threaded portion of the screw, and h the length of i ts non-threaded 
ends, A the section corresponding to the outside diameter of the screw and A 
the section corresponding to its inside diameter. The last term in the expression 
of (KA) assumes that L/2 is negligible compared to h . According to Figure 44, 
A O 
nh represents an exact number of leads, if it is not such a case nh will be rounded 
to the closest exact value. 
The Torsional Stiffness Coefficient 
The Torsional Stiffness of a Uniform Circular Bar 
A simplified representation of an angular motion is shown in Figure 45, 
Assuming pure rotational spring characteristics gives 
A T e = % l = 9 2 - « l = ^ T 
where T is the torque of torsion applied to the bar and krpi i ts torsional stiffness 
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coefficient; k , in the case of a circular section, is defined by 
k ffd G 
T 32 0 
with d the diameter of the bar, 0 its length and G the modulus of rigidity of i t s 
material . 
The Torsional Stiffness of a Schematized Lead-Screw 
Keeping the model already defined for the approximate evaluation of the 
axial stiffness coefficient allows the following expression for (K ) , the inverse 
of the torsional stiffness coefficient of the screw, 
IGnhL/ i , 1 \ 6 4 h p JL = V — = 16nhL (L- l-\ 
„ - . . - . 4 
Ti d d, ird G 
o 1 o 
with the same notation and assumption as previously defined for the approximate 
calculation of the axial stiffness coefficient. 
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?IC(\0H "A* 
Figure 43. The Axial Stiffness of a Uniform Circular Bar. 
• Li 11 





Figure 44. A Simplified Model for the Approximate Determination of the 
Stiffness Coefficients of a Lead-Screw. 
KT L 
Figure 45. A Simplified Model of Angular Motion. 
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APPENDIX B 
THE COMPLEX CONVOLUTION INTEGRAL 
Let x(t) and y(t) be two time-domain functions and X(s) and Y(s) their 




THE QUARTER SQUARE MULTIPLIER 
Let x(t) and y(t) be two time-domain functions, their product can be 
simulated on an analog computer using a Quarter Square Multiplier, or Q. S.M.; 









Figure 46. Symbol. 
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Figure 47. Computer Setup for the Quarter-Square Multiplier. 
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APPENDIX D 
THE COMPENSATION PRINCIPLE 
Notation used in Figure 48 has already been defined in Figure 35. 
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Figure 48. The Compensation Principle. 
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